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Abstract. Inthisarticle, the three-dimensional motion
of an ion within a molecular channel is discussed for
the first time; escape rates from binding sites are
calculated using the transition state method. For a
given ligand configuration and a particular pore radius
the rates depend upon ion size and mass. It is found
that the activation energies depend strongly on the
ion size, i.e., they increase with decreasing ion radius.
In contrast to the rates obtained from the mass de-
pendence alone, the rates depending on both mass
and size of the alkali ions yield the completely in-
verted sequence, namely the Eisenman sequence I.
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Introduction

Certain polypeptides, such as gramicidin A, when
embedded in membranes, can form pores which sup-
port the passage of the alkaliions (Li*, Na*, K*, Rb™,
and Cs*) and similar particles. This transmembrane
motion is possible only because molecular channels
have the functional property of lowering the local
energy barrier which is imposed on the ionic self
energy by the presence of the membrane. In the case
of gramicidin the central pore is lined with a helical
arrangement of permanent, flexible dipoles, repre-
sented by carbonyl groups (Urry 1971; Urry et al.
1971). In the equilibrium orientation the oxygen
atoms point toward the channel axis, negatively charg-
ing the interior of the pore. This effect is enhanced
by orientational polarization in the presence of an
ion, with its magnitude depending on the elasticity
of the ligands (Schroder 1984). The response of the
ligands should be the same for all monovalent ions,
because of equal ionic charge, and the transport rates
should vary with the law expected from rate theory,
namely proportional to the inverse square root of the
ion’s mass. In fact, a wide range of ion specific selec-

tivities for different channels is observed. For a given
channel the effective transport rates of two different
ionic species may vary by orders of magnitude. In
general, even for the least preferred ions, the transport
rates stay finite. Therefore different relative sequences
of ion conductivity can be taken to be characteristic
of different channels. Theoretically, the number. of
permutations possible for five ions should result in
120 observable sequences. However, the number of
sequences actually observed inion transport processes
across membranes is only 11 and corresponds to the
11 Eisenman sequences first established and formu-
lated for ion exchange selectivities of glass electrodes
by Eisenman (1976).

Although this represents a relatively small range of
possibilities, there is still no obvious reason why
channels should behave so differently and why certain
types of pores prefer heavier ions over lighter ones,
while the conductivity sequence is inverted for other
types. In the phenomenological view, a molecular
channel is usually depicted as a sequence of barriers
and binding sites (Partin and Eyring 1971; Woodbury
1971; Lauger 1973, 1979). The transport properties
are represented by effective jump rates. In order to
calculate the unidirectional current consisting of one
ionic species across a sequence of # binding sites and
n + 1barriers, aset of 2 n + 1independent parameters
is necessary and can be found by fitting the effective
rates to the observed current-voltage characteristics
(Eisenman and Sandblom 1983). This procedure has
to be repeated for each different ionic species. The
resulting sets of effective rates are in general very
different from cach other and allow little or no insight
into physical processes and causes. Actually, the effec-
tive rates incorporate very different phenomena,
ranging from continuous diffusion in aqueous solution
via dehydration to a discrete random walk within the
pore. Since the sequence of barriers and binding sites
reflects the potential profile as seen by a given ion
along its diffusion path, the effective rates are really
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not independent, but may derive from the interaction
of the ion with its environment. Therefore it should
be possible to describe the transport process for a
certain channel and all alkali ions by a relatively
small set of molecular parameters. That theoretical
phenomenological rate descriptions for molecular
channels and their environment are inappropriate to
explain the true nature of transport and selectivity
mechanisms can be seen by the fact that the smallest
set of parameters possible is used to explain known
experimental data, i.e., the number of effective rate
constants does not necessarily correspond to the ac-
tual number of binding sites along the channel. In as
much as the transmembrane motion of ions is a very
complex process and performed in several, distinct
steps, the motion through the channel interior must be
mediated by several effects and countereffects, the
exact composition of which gives rise to channel de-
pendent (notenvironment dependent) selectivity rules.

In recently published articles (Schroder 1983a, b,
1984) the author has investigated the transport prop-
erties of a gramicidin-like channel model where the
motion of the ion was restricted to the channel axis.
It was shown that the ion and elastically bound ligands
perform a coupled motion leading to an effective ion
mass, which in turn depends on all ligand masses and
the mutual interaction. It turned out that the appro-
priate picture of the migrating ion is that of a polaron
(Schroder 1983b). Although the mass dependence of
the corresponding jump rates may deviate consider-
ably from the behavior predicted by the ART,
especially for light ions, this modification can only
partly explain the selectivity principles of a gramicidin-
like channel, simply because a motion restricted to
the channel axis is one-dimensional and cannot ac-
count for the ion’s size. It is clear that an ion can only
stay on the axis if its radius coincides with that of the
pore. The smaller an ion is the more it can move off
the axis. Consequently, a general three-dimensional
diffusion path within the pore must be considered,
and the relevant rate theory has to be formulated.
This will be done in this article, for a channel with
rigid ligands, in order to study the importance of size
effects and to separate them from polarization effects.
In the following section a general, model-independent
derivation of the jump rates for three-dimensional
motion inside the channel, — across saddle point and
minima —, is given. In the last section a specific model
is used to calculate the actual rates and to discuss
the size effects for the alkali ions.

Ion-channel interaction in paraxial approximation
and rate constants

Consider the Coulomb interaction U(¥) of an ion
within a pore, where the ligands and all other con-

stituents parts of the molecular channel are arranged
more or less cylindrically around a defined axis, for
example, the z-direction. Then the ion is confined in
the neighborhood of the axis and the potential may be
expanded around ¢ = 0, where ¢ is the position of
the ion’s centre of mass in the x-y-plane. Up to the
g=0-

second-order one obtains:
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Due to the low symmetry of the discrete distribution

of ligands the coefficient
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will not be equal to zero. In contrast to the Coulomb
interaction, the much more complex repulsive inter-
action occurs between the ion and all constituents
parts of the channel. Thus it seems to be a fairly good
approximation to assume an effective, ‘“smeared out”
potential of the form

1
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i.e., the first derivative with respect to ¢ vanishes by
symmetry and s is a constant.

This harmonic approximation of the non-Cou-
lombic contribution to the total potential represents
the interaction of the ion with the whole rest of the
molecular channel and depends on ionic as well as on
molecular properties. Combining (1) and (2) gives
the total potential in the present approximation:
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For any position along the z-axis the equilibrium posi-
tion @o(z) in the x-y-plane is given by:

00(2) = - BT(9A() . - )
Wwith B = (B“ B12> stability in the position of the
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ion is guaranted by By; > 0 and By By — B%, > 0.
Under this condition, which can always be ful-
filled by choosing a sufficiently large value of »x,, the



equilibrium path of the ion along the channel follows
a sequence of saddle points. In the limit %, — « the
deviation from the z-axis shrinks to zero, and the only
surviving term of the potential is U(0, z). Thus x, plays
the role of a control parameter for the size of the ion,
where increasing », values can be directly related to
increasing ionic radii. This relation will be established
in the next section in connection with the chosen
channel model. In order to arrive at the desired ex-
pression for the escape rate from a binding site it is
very useful to start with the Lagrangian of the system:

L= % m'fZ — V(F. (5)

Performing a change of variables by introducing the
instantaneous deviation d¢ from the equilibrium posi-
tion @q of (4), we use
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and can write:
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Keeping in mind that @ois not an independent variable,
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the longitudinal momentum of the ion is obtained as
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and its transverse momentum as
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Equations (8) and (9) are readily solved for the veloc-
ities:
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In the next step the usual Legendre transformation

H=pd& +psz—L
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yields the Hamiltonian
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which is expressed by the proper pairs of canonical
variables. In case of the equilibrium situation, dg¢ = 0,
the effective potential is given by

V) = V(@) 5 AQ B AQ)

V(z) = U(0,2) , (11)

where the second term on the RHS is the correction
due to the motion of the ion off the z-axis. It will be
shown later that this term may contribute significantly
to the interaction and vary strongly with the position
along the axis, in contrast to V(z).

The desired expression for the rate constants can
easily be obtained by means of the transition state
method (Pelzer and Wigner 1932; Eyring 1933).
Following the procedure employed previously (Schré-
der 1983b), the ion-channel system represented by
the Hamiltonian, (10), is subjected to temperature
control. In thermal equilibrium, the state of the system
is described by the Boltzmann distribution function,
and the principle of detailed balance can be applied
to calculate the escape rate across a given barrier as
the average unidirectional current at the site of the
corresponding saddle point.

Because of the symmetry of the system the current
along the z-axis is the transport quantity of interest.
The averaging process yields the following expression
for the jump rate across the i-th barrier to the right:
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the integrations in (12) may be written in detail as
follows:
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where z/_ 1 and z{ are the positions of adjacent saddle
points. As a first step it is convenient to carry out
the integration over ps:
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The remaining integration yields:
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After evaluating the integral in the denominator we
obtain:
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The integral involving the potential is the restricted
sum of states:
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It can be expressed by the more familiar, temperature
dependent potential, the so-called potential of the
mean force. Let Q(=) be the value of Q(z) in the
absence of the ion, then V.«(z) is defined by the
following relation,

0(z) = Q() e AVl |
where

o

Hence:
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The difference between (11) and (17) is the entropy
contribution
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which is finite for finite temperatures. Its presence in
Ve(z) reflects the fact that the equilibrium path of an
ion as given by {z,0¢(z)} is not the exact path but
only the most probable one for finite temperatures.

It guarantees that the ion uses the most probable
passage in the neighbourhood of a saddle point. With
the use of the effective potential of (17) the rate is
finally given as:
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Due to the three-dimensional motion of an ion within
a channel, there are three contributions in expression
for the rate which distinguish it from the usual result
of the ART in one dimension. Firstly, there are two
corrections to the potential, one of which is entropic
and both of which affect the activation energy and its
dependence on the ion’s size. Secondly, there is a
purely geometrical contribution to the prefactor,
which can be formulated as

SR ANETS @

where ds, is the line element of the equilibrium path.
It tells us that the rate decreases with increasing length
of the average reaction path. Effectively the prefactor
is the projection of the thermal velocity along the path
into the z-axis, where the derivative has to be taken
atz=gz;.

If desired, V(z) can be replaced by its harmonic
expansion around the minimum and inserted into
(18). This procedure yields the low temperature limit
of the rate in the form of the Arrhenius law.

Numerical model calculations

The present model is identical with the channel model
used for earlier investigations except for the fact that
the ligands are assumed to be rigid. It may be con-
sidered as a crude approximation to the gramicidin A



channel, at least with respect to the Coulomb inter-
action. The carbonyl groups are simulated by per-
manent dipoles in a helical array (Fischer and Brick-
mann 1983). The dipoles possess a constant moment
p = q'd with an effective charge ¢' = 0.4 ¢ and length
d = 1.24 A. One helical turn includes six dipoles
with alternating orientations on a constant radius with
00 = 3 A. The pitch is 6 A, thus the lattice constant
along the z-axis is 1 A. The whole channel consists of
five turns with a total length of 30 A. Since the
purpose of the present investigation is to study ion
size dominated selective effects for a given configura-
tion, we neglect the head-to-head binding effect of
the dimer (Pullmann and Etchebest 1983). The poten-
tial U(¥) is given by the sum of all ion-dipole pair
interactions:

U= g $BE=D

#=1|i’) - fuP

30 — + n A — A
=g Z Pz — zopt) + Pru(0 9/4)‘ (20)
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Here z, is the lattice constant and g, = |g,|- Each
dipole is parallel to a plane with the z-axis. Thus p
is parallel to ¢, for each u, where

P =p - cost,
and
Pis =p-sind,.

It is convenient to use the relation
ﬁi# = ’16/4
with
2= sin 9, .
Qo
Hence the resulting expression for the potential is
U(r) =

30
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which is to be expanded around ¢ = 0. For ¢ = 0 we
obtain from (21) the zeroth-order term
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where we have used

vo=E1  ¢=% and 4=%
20 20 20

In the same notation the first derivative with respect
to @ yields:

. Vo« . { sin 9,

A)=—-—

O e
+3A.(§—u)cos19ﬂ—zl~sinﬁﬂ (@3)

VE—uf + 47

where ¢, is the vector of unity in the molecular x-y-
plane

s _ [COS Py
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pointing towards the positions of the dipoles, and
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The second derivative of the potential, (3), yields the

tensor B({):
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Introducing the dimensionless quantities A; and By
with the relations:
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the effective potential according to (17) is:

V) = - ¥ 3. EH _~T_Z)(C°°_S 2) e

u=1
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Here we use a further dimensionless quantity

xoZ(z)
H =
3

instead of x;. Accordingly, the equilibrium position
of the ion in the x-y-plane is given by:
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All summations in the coefficients given above run
over all ligand positions and have to be performed
numerically. This procedure requires the input of the
position dependent orientations ,, which are free
parameters in this model. In order to obtain a grami-
cidin-like structure, orientationally alternating di-
poles in the following sequence are used:

19”+1 = 1800 - 19'0 5

where ¥ = —20° and & =Ty .

For these and the other parameters values given
before the effective potential, (25), has been alculated
for several » values and a constant temperature,
T = 300° K. The results are shown in Figs. 1 and 2.
In both cases the potential is given in units of tem-
perature. Figure 1 shows the potential profile from
outside the channel to the centre for two # values.
Both curves display a sharp drop in potential as soon
as the jon enters the channel. This effect is due to
the orientation of the dipoles towards the molecular
axis, which results in an excess of negative charge
in the interior. For »# = o the motion of the jon is
confined to the z-axis, whereas it can move about
rather freely for » = 0.03. In the first case the resolu-
tion is not very high (the activation energy is only
some 30° K at most), because the distance between
the ion and the nearest dipole is always large com-

0—@[10%
B

20

-5 0 5 10 15 L=%;

Fig. 1. The channel profile shown for motion restricted to the z-axis,
(> = =), and three-dimensional motion, (» = 0.03)
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Fig. 2. The profile of the central binding site shown for several values
of the control parameter, », for the ion’s size

pared to the separation of neighbouring dipoles. In
the second case considered the situation is very dif-
ferent. Here the ion can come very close to each
individual dipole, and well defined binding sites are
the consequence. The activation energy reaches a
remarkable 2,000° K. Thus, what a channel looks like,
depends very much on the mobility of the ion. The
effect of varying x is shown in Fig. 2. Here the profile
of the central binding site is shown for various values
of x. Since the activation energies change drastically
with #, an even greater dependence of the rates on
this parameter is to be expected, including strong
selectivity effects.

Up to this point the missing link has been relation
between ion mass and size on one side and x on the
other. It is clear that at this level an ab initio calcula-



tion is neither desirable nor possible. However, if the
known data for ion radius and mass are used as input
parameters, one either needs a relation between mass
and x or radius and ». As it turns out, the choice of
the latter is consistent with the model developed here
and is easy to establish. Consider an average radius,
R, of the pore and ion radius, R;. Then the deviation
of the ion’s center from the channel axis cannot be
larger than pore radius minus ion radius, i.e., this
difference defines |Q@yax:

|éMax; =R — RI-

On the other hand |G| is a function of x. In Fig. 3
the equilibrium path of an ion for » = 0.0326 has been
plotted according to (26). Inside the channel the path
can be considered to be periodic with a 3-fold sym-
metry about the z-axis, neglecting end effects. The
ion reaches its largest distance from the z-axis
periodically, with the same value of |@] = |@max|, in a
position between the negative ends of a pair of dipoles.
In order to identify a given ionic radius with the
relevant value of x, one has to look for that », which
satisfies (27) for a given R. This procedure is
illustrated in Fig. 4. Here |0wma| has been plotted as
a function of ». The average radius of the pore, R,
has been chosen as 2 A, which corresponds to the
radius of the central hole in a gramicidin channel.
For the ions their Pauling radii have been used. The
result is the following list of parameters:

Li* : Ry=060A [fym|=140A x=0.0296
Na‘t: R;=095A |y =1.05A x=0.0326
K' : Ri=133A |fyu| =0.67A 3 =0.0395
Rb*: Ry=148 A |fwm|=0.52A x=0.0449
Cs* : Ri=1.69A [y =031 A x=0.0615

In the last step rates have been calculated for the
central binding site (Fig. 2) for T = 300° K, according
to (18). For each of the five ion masses the rate has
been plotted as a function of » (Fig. 5). At any given
point on the x-axis the rates follow the m~ " law, i.e.,
the Fisenman sequence XI is obtained. Along each
constant-mass-curve there is only one point which
corresponds to the relevant ionic radius. It has been
fixed by the relevant value of x, previously identified
and marked by a cross in Fig. 5. The numbers obtained
for the rates are:

Li* : k' =2.789-10° s7!
Nat: k' =9.147 - 10° s7!
K" : k' =4.559-10%¢"?
Rb™: k' = 6.022 - 100571
Cs™ : k' =1.138-101 7!

w wn v own wn

This is clearly the Eisenman sequence I with re-
spect to a single binding site. Thus the size effect
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Fig. 3. The equilibrium path of a Na*-ion
(» = 0.0326) along the saddle points of
the model channel
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Fig. 4. The periodic maximum deviation | @yax | off the channel axis
plotted as a function of . The identification of x with the relevant
ionic radius (dashed lines) has been made for a pore radius of 2 A

sufficiently dominates over mass effect to invert the
sequence determined by the ion masses alone. A
similar result can be obtained for any of the other
15 binding sites, apart from the fact that for any site
other than the central one the rates to the left and the
right, respectively, are not equal.

The Eisenman sequence I corresponds to the
mobility of the respective ions in water, a result that
is due to hydrodynamic forces. On the other hand,
this is also the observed sequence for the gramicidin A
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Fig. 5. The jump rates of the alkali ions are plotted as functions of
#. Along each curve the ion mass is kept constant

channel. Moreover, the same sequence has been found
for the present model which resembles basic features
of the interactions in a gramicidin channel. However,
conclusions from such analogies should be drawn
with the greatest care. For instance, the actually
observed transport quantities for gramacidin have
to be taken as effective rates, i.e., they are referring
to the channel in its natural environment, and not
only to the channel interior as in the present model
and therefore must be seen as the result of complex
processes. Whereas the primary task is the explana-
tion of an observed selectivity sequence by means
of a molecular model, it is certainly a fascinating
question in itself as to whether this coincidence in
three different cases is accidental or possibly due to
some very simple, basic mechanism. This decision
requires a more refined model, which takes into
consideration the coupled motion of ion and ligands
and their restoring forces. From previous considera-
tions the polaron character of the system is known.
Similar behavior is to be expected for a system with
the ion in three-dimensional motion; this will be the
subject of a forthcoming paper. Since a polarizable
channel is more realistic than the present model, it
leads to a better understanding of possible selectivity
principles.

For another important reason the polarizability
of a channel is of great interest. Ions in aqueous solu-
tion carry a hydration shell. Upon entering the in-
terior of a channel-like molecule, some of the water
molecules have to be stripped off the ion for steric
and energetic reason. For this process it seems to be
very important that the channel can respond to the
presence of the ion. If the interior is lined with flexible
ligands the polarization effect of the ion with respect
to the former is the same as with respect to accom-
panying water molecules. In such pores the reorient-

Li
Na

Cs

ing ligands may replace some of the water molecules
of the former hydration shell and thus significantly
lower the effective dehydration energy. On the other
hand an appropriate equilibrium orientation and ad-
ditional polarization of the ligands lowers the energy
barrier imposed on the self-energy of the penetrating
ion by the presence of the membrane (Schroder
1984).

Discussion

The subject of this investigation has been the intro-
duction of a parameter controlling the ion’s size in
the expression for the jump rates. The approach
chosen, the paraxial approximation, can be considered
as model independent as long as the definition of an
equilibrium path, i.e., a space curve along saddle
points in a pore like formation of ligands or lattice
points, is possible. General results for the equilibrium
path and the rate constants have been derived, and
numerical calculations habe been performed for a
model resembling the gramicidin channel. The size
parameter is determined by an effective pore radius,
the respective ion radius and the resulting maximum
possible distance of the ion’s center from the channel
axis. For finite temperatures fluctuations of the posi-
tion around the three-dimensional equilibrium path
can occur, leading to an entropic contribution in the
effective potential. However, the non-entropic cor-
rection to the potential due to the deviation from the
channel axis is strongly size dependent and dominat-
ing, whereas the contribution due to the motion along
the axis is size independent. The expression for the
rate, i.e., the average lifetime of an ion in a binding
site, features a competition between ion mass and
size. It turns out that the activation energy decreases
with increasing mass. This competition effect leads
to an inversion of the originally mass determined
selectivity sequence. Whereas the increase in the
activation energy with decreasing ion size leads di-
rectly to a longer mean residence time, an effectively
longer path for smaller ions also contributes, in the
form of a geometrical prefactor, to even lower rates.
The results is the Eisenman sequence I.
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